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Abstract 

In this paper we study the optimal stopping problem of pricing an American Put option 
on a Zero Coupon Bond (ZCB) in the Heath-Jarrow-Morton (HJM) framework for the for- 
ward interest rate. In particular we consider its Musiela's parametrization to guarantee a 
Markovian setting. Hence we are in an infinite dimensional setting, in which the forward 
rate curve is described by a SDE in a suitable Hilbert space. 

In order to find an infinite dimensional variational formulation of the pricing problem, 
we extend some results on infinite dimensional optimal stopping and variational inequalities 
recently obtained in [S]. The proof goes through three main steps. First we regularize the 
American bond option's payoff by adopting usual smoothing arguments. Next we approx- 
imate the infinite dimensional dynamics by finite dimensional ones to which we associate 
suitable optimal stopping problems in M". Then, by taking the limit as n — >■ oo and by re- 
moving the smoothing on the payoff, we obtain an infinite dimensional variational inequality 
for the price of the American bond option. Moreover, the first time at which the price of the 
American bond option equals the payoff turns out to be an optimal exercise time. 

MSC2010 Classification: 91G80, 91G30, 60G40, 49J40, 35RI5. 
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1 Introduction 

A major challenge in mathematical finance is pricing derivatives with an increasing degree of 
complexity. A huge theoretical effort has been made in the last forty years to provide suitable 
tools for this purpose. The volume of traded options and the wide variety of their structures 
require a deep analysis of both theoretical and numerical methods. 

An important class of traded options is that of American options. The mathematical for- 
mulation of this problem was given in the eighties by A. Bensoussan [2] and I. Karatzas [26], 
among others. In mathematical terms pricing an American option corresponds to solving an 
optimal stopping problem (for a good survey cf. [Mj) in which the state dynamics is that of 
the security underlying the contract, usually a diffusion process (cf. Jacka [U] for a geometric 
Brownian motion and [25] for more general diffusions). In such case one may find a variational 
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formulation of the optimal stopping problem; that is, a free-boundary problem in the language 
of PDE (cf. for instance [3] , [19] and [27] for a survey) . 

Here we aim to study the problem of pricing an American Put option on a Zero Coupon 
Bond (American bond option) with the forward interest rate process as underlying. This option 
gives the holder the right to sell the ZCB for a fixed price K at any time prior to the maturity 
T. The forward rate is the instantaneous interest rate agreed at time t for a loan which will 
take place at a future time T >t. It is often denoted by f{t,T) and taking T = t one recovers 
the "so called" spot rate R{t) = f{t,t). The price of the Bond, B{t,T), is linked to the forward 
rate by the ordinary differential equation 

f{t,T) = --^ln{B{t,T)). (1.1) 

The option payoff at time t is given by [K — B(t, T)]~^, where [ • ]^ denotes the positive part and 
T € [r, Tmax] is the bond maturity. The arbitrage free price of the American bond option is 
defined as 

V{tJit,-)) = sup E{e-ft^'iis)'is^K_B{r,t)] + }. (1.2) 

t<T<T J 

Notice that V depends on the entire forward curve as it is typical of infinite dimensional op- 
timization problems; hence one expects that it should solve an infinite dimensional variational 
inequality. However, for American options with an infinite dimensional underlying process it is 
not straightforward to establish a connection with PDE's in Hilbert spaces (cf. |1U| . |13|). Such 
connection is instead known for European options under forward rates; in fact their prices may 
be uniquely characterized through specific Kolmogorov equations (cf. j21j). In some sense, that 
is a natural generalization of the Black and Scholes pricing formula to the infinite dimensional 
setting. Infinite dimensional variational inequalities have not received as much attention as their 
finite dimensional counterparts. A good survey may be found in [1], [8], [9], [20], [35], |36j and 
the references therein. 

There exists a large literature on interest rate models concerning both theoretical and nu- 
merical aspects (for good surveys cf. [1], [6], [32] for instance). In this paper, for the forward 
interest rates we choose the framework of the famous HJM model, one of the most reliable ones, 
which was introduced by D. Heath, R. Jarrow and A. Morton |23j in 1992. The peculiarity of the 
stochastic process representing the forward interest rate is its infinite dimensional character. In 
essence, at each time t, the HJM model describes the family of rates f{t, T), with T G [t, T^ax], 
that is the whole term structure of forward rates. A suitable parametrization of f{t, T), modeled 
by an infinite dimensional stochastic differential equation, was obtained by M. Musiela [31j in 
1993. An exhaustive description of the HJM model and its offspring may be found in [T7] and 

Our financial problem has been studied in [20] by means of viscosity theory, although in 
a different framework; that is, under the Goldys-Musiela-Sondermann parametrization (|22j) 
of the HJM model. That completely determines the volatility structure of the dynamics and 
simplifies the underlying infinite dimensional stochastic differential equation by removing an 
unbounded term in the drift. A possible drawback of the model in [20] is the lack of consistency 
with the market's observations. This fact has been extensively discussed by D. Filipovic in |17j . 

It is worth mentioning that an attempt to provide some numerical results for the price 
function V was recently made in [2U]. However in that paper arguments are mostly heuristic, 
proofs are only sketched and some of them seem to be incorrect. 

We provide a variational formulation of the pricing problem (|1.2|) which is the infinite di- 
mensional extension of that in [25]. Ours is (in some sense) a generalization of [3]. We also find 
an optimal exercise time for the American Bond option. Our approach is based on [8]. 
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The paper is organized as follows. In Section 2 we introduce the financial model of the 
forward interest rate dynamics. In Section 3 we give the mathematical formulation of the corre- 
sponding optimal stopping problem and we obtain some regularity properties of the American 
bond option's price V. Section 4 is devoted to a regularization of the Put payoff ^. We asso- 
ciate an optimal stopping problem with value function to each smooth approximation of 
the original payoff ^. Then we show that 14 — )■ y as — )■ oo. In Section 5 we approximate 
the infinite dimensional optimal stopping problem by a sequence of finite dimensional ones. 
By using arguments as in [S] we prove that 14 is a suitable solution of an infinite dimensional 
variational inequality. Section 6 contains the main result of this paper. There we obtain an 
infinite dimensional variational inequality for the price V of the original American bond option. 
Also, we show that the first time at which V equals the payoff ^ is an optimal exercise time for 
the option's holder. A technical appendix completes the paper. 

2 The interest rate model 

The forward rate at time t for a loan taking place at a future time T > t and returned at T + dT 
is commonly denoted by f{t,T). The instantaneous spot rate is obtained by setting T = t and 
it is denoted by R{t) := f{t,t). For every fixed maturity T the time evolution of the forward 
rate is described by the map 1 1— >• f{t, T) with t <T. 

Consider a probability space {Q,J-,¥) and denote by {J-t)o<t<T the filtration generated by a 
d-dimensional Brownian motion B, completed with the null sets. For simplicity but with no loss 
of generality we take d = 1. Let C^'^(M) denote the set of bounded, Lipschitz-continuous real 
functions. Take a G C^'^(]R), a non-negative. According to the Heath- Jarrow-Morton model 
(HJM) (cf. |23j). P may be assumed to be the risk- neutral probability measure on and the 
forward rate with maturity T may be described by the SDE 

/(i,r) = /(0,r)+ fa{f{u,T)) r aif{u,s))dsdu+ f d{f{u,T))dBu, t G [0,T], (2.1) 

JO Ju Jo 

where /(O, T) is deterministic and denotes the initial data at time zero. 

Notice that for the purposes of this work there is no substantial loss of generality if we 
assume time- homogeneity for the coefficient a in ()2.ip . Under such assumption there exists a 
unique strong solution /(•, •) continuous in both variables (cf. [3D]). Unfortunately the process 
{/(t, T)|q^^^^ is not Markovian since the drift in ()2.ip depends on the evolution of the whole 
forward curve. On the other hand, the Markov property holds for the infinite dimensional process 
t I— 7- {f{t,v),t < V < T}; therefore, pricing derivatives often requires to set dynamics in the 
infinite dimensional SDE's framework (cf. [E])- This is accomplished by means of the so-called 
Musiela's parametrization (cf. [31]) that describe the forward rate curve f{t,T) in terms of the 
time to maturity x := T — t rather than the maturity time T; hence f{t, T) = f{t, t + x). Then, in 
terms of the original forward curve we define the map (t, x) i— )• rt{x) by setting rt{x) := f{t, t+x); 
that is, at any given time t the model's input is the forward rate curve x i— ?• rt{x). The short 
rate is obtained by taking x = and it is denoted by rt (0) . 

The process 1 1— )• rt{-) may be interpreted as an infinite-dimensional process taking values in 
a suitable Hilbert space H. On such space the unbounded linear operator A := generates a 
Co-semigroup of bounded linear operators {S{t) \ t G M+j. In particular, S{-) is the semigroup 
of right shifts defined by S{t)h{x) = h[t -\- x) for any function h : — > R (for further details 
on semigroup theory the reader may refer to j33j). Define a{rt){x) := a{f{t,T)) and set 



F^{rt){x) := a{rt){x) a{rt){y)dy, x G M+. 
Jo 



(2.2) 
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Long but straightforward calculations allow to write (j2.ip as 

rt{x) = S{t)ro{x)+ [ S{t-u)F,{ru){x)du+ [ S{t - u)a{ru){x)dBu. (2.3) 
Jo Jo 

The link to the theory of infinite dimensional SDE's is now rather natural; in fact, under 
appropriate conditions on a and H, (j2.3p turns out to be the unique mild solution of 

drt = [Art + F^{rt)] dt + a{rt)dBt, t G [0, T], 

(2.4) 

rQ = r e Ti, 

where < T < oo (cf. [12], Chapter 7). 

In the present work H is chosen according to [IT] and the notation Ti = Hw is adopted 
(other possible models are available in [21] and [22j . among others). Some fundamental facts 
are recalled in what follows. 

Definition 2.1. Let w : — )■ [l,+oo) be a non decreasing C^-function such that 

w~ri G L^(IR+). (2.5) 

Define 

:= {h G Ll^iR+) I 3h' G Ll^{R+) and \\h\\.^ < oo}, (2.6) 

where 

\\h\\l := \h{0)\'^ + [ \h'{x)\'^w{x)dx. (2.7) 



The derivatives in Definition 12.11 are weak derivatives and the space {T-Lw, \\ ■ \\w) is a Hilbert 
space (cf. [T7], Theorem 5.1.1). An important consequence of (|2.5|) and (|2.7|) is the continuous 
injection T-L^, ^ L°°(R+) (cf. [IT], Chapter 5, Eq. 5.4), i.e. there exists C > such that 

sup |/i(x)| < C||/i|U, hen^. (2.8) 

Also, we point out that if h £ Hw then liniaj^oo h{x) exists and is finite (cf. [T7], p. 77). 

Recall that a G C^'^(M) and hence a inherits the same regularity as a function cr : R — t- M. 



However in ()2.4p one must think of a and F^j as functions: T-L-^j — ?• Hw Define the set 

nl := {/i G ^» I /i(oo) = 0}, (2.9) 
then the following proposition holds (cf. [T7], Chapter 5, Eq. (5.13)). 

Proposition 2.2. T-L^ is a closed subspace ofHyj. Moreover, F^j takes values in T-Lyj if and only 
if a takes values in H^. 

As a consequence of Proposition 12.21 the only volatility structures allowed in (|2.4p are those such 
that a{h){x) — )• when x — >• oo for any h G T-Lw- From now on we will make the following 
Assumption. 

Assumption 2.3. The volatility a : Tiw — t- Ti^ is bounded and uniformly Lipschitz; i.e 

lk(/i)IU<a and hif) - a{h)\\^ < L^Wf - h\\^ forallf^hdU^ (2.10) 
and for some positive constants and L^j. 

A simple extension of [T7], Corollary 5.1.2, gives the following 
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Proposition 2.4. Under Assumption \2.3\ there exists Lp > depending on C^, Lo- and such 
that 

\\FM)-F<r{h)\\w<LF\\f -hU, forf,hen^. (2.11) 
Now the main results of [17], Chapter 5, may be summarized in the following 
Theorem 2.5. LefH^ be as in ()2.6p . 



(i) each function h G has a continuous representative and the pointwise evaluation Jx{h) '■= 
h[x) is a continuous linear functional on Tiw, for all x € M+; 

(a) the semigroup {S{t)\t £ is strongly continuous in Hw with infinitesimal generator 

denoted by A, where D{A) = {/i G Hw \ h' G Hw} and Ah = h' . 

Moreover, under Assumption \2.3\ there exists a constant K > such that 

\\F,ih)\\^ < K Cl forallhaUu,. (2.12) 

The existence and uniqueness of the solution of (|2.4|) now follow. 

Theorem 2.6. Under A s sumption \ 2. 3\ there exists a unique mild solution of ^2.4\)- 



Proof. The proof follows by standard arguments (cf. jl2j . Theorem 7.4 and Theorem 6.5 and 
|17] . Theorem 2.4.1) since F„ is bounded and uniformly Lipschitz by ()2.12p and Proposition 

Eai □ 

The next Lemma provides standard estimates for the solution. 

Lemma 2.7. Let r^ and r^ be the mild solutions of fi2.4\ ) starting at h and g, respectively. Then 
e\ sup Wr'^rJ <Cp,T{l + \\hrj, l<p<oo, (2.13) 

0<t<T 

e| sup \\r'l-r!\\l}<Cp^T\\h-g\\l„ 1 < p < oo, (2.14) 
where the positive constant Cp^x depends only on p and T. 

Proof. The proof of ()2.13p follows from [12], Theorem 7.4, whereas the proof of ()2.14p is a 
consequence of [12], Theorem 9.1 and a simple application of Jensen's inequality. □ 



We now add some supplementary assumptions needed in the rest of the paper. We start by 
defining a trace class operator which will play a crucial role. 

Definition 2.8. Let Q : Tiw — >■ 'Hw be the positive, linear operator defined by 

Qipi = \i(fi, Aj > 0, i = l,2,..., 
and such that Yl"^! < oo (i.e. it is of trace class). 

Let C^{'Huj;'H%) be the set of continuous, bounded functions / : T-L^ — ^ T~l-% with bounded and 
continuous Prechet derivatives up to order k. With no loss of generality we make the following 
Assumptions. 

Assumption 2.9. The operator Q of Definition \2.^ is such that 



^WAipjWii;^^ < oo. (2-15) 
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Assumption 2.10. The map a : "H^ — ?• Ti^ is continuous and 

(1) a{h) G Q{Hw), V/i G T-Lwi i-e., there exists 7 : Tiw — >• "H^ suc/i that a{h) = Q^{h). 

(2) jeciin^-nZ). 

Notice tiiat Assumption 12.91 implies that Q'^i'Hw) C D{A), which together with Assumption l2.10] 
imphes that a maps 71^ into a subspace of D{A'^). Also, whenever lima._).oo Ql{h){x) = ^ 7^ (the 
hmit always exists), one finds a volatility a satisfying Assumption 12.10) with 7(/i) = ^{h) — Q~^l. 



3 The pricing problem and some estimates 



In terms of the unique solution of (|2.4|) . the price at time t of a Zero Coupon Bond (ZCB) with 
maturity T >t may be expressed by 



T-t 



rt{x)dx I . 



B{t,T-rt{-)) :=exp 



Recall that r. (0) is the spot rate, then the stochastic discount factor /3 at time t is 



/3(t;r.(0)) := exp 



rs(0)ds 



For t>s also define 



D{s,t-r.{Q)) :-- 



/3(s;r.(0)) 



exp 



ru{0)du 



(3.1) 



(3.2) 



(3.3) 



The HJM model allows non-negative forward rate curves for any finite maturity T > (cf. [23], 
Proposition 5), however in order to guarantee positive rates one has to further restrict the class 
of allowed volatilitie^. Here we consider a modified discount factor that prevents the spot rate 
to go negative at any time, i.e. 



D+(s,t;r.(0)) =exp 



r,(0)] + ds , 



(3.4) 



with [x]^ = max{2;,0}. As for the pricing problem, this choice does not spoil the results (cf. for 
instance [36], Section 4.2). 

Assume that the forward rate curve at time t G [0,T] is described by a function h G "H^, 
then the gain function at time t of the American Put option with strike price K < 1 is 



^it,hi-)) := [K-B{t,T;h)]- 



(3.5) 



Let rl'^ , s > t denote the value at time s of the solution of ()2.4p with starting time t and initial 
data r. The value function V of the option evaluated at time t < T may be written under the 
risk-neutral probability measure P as 



V{t, r) := sup E <j e" [ri'' (0)]+ du 

t<T<T 



K -e 



-Jo ^ry[x)dx 



(3.6) 



^The issue of forward rate's sign is hard to pose due to the infinite-dimensional character of the diffusion. It 
remains unsolved in most models relying on Musiela's parametrization of the dynamics. 
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In what follows it will be convenient to write (13.61) in terms of (13.11) and (13.41) as 



V{t,r) = sup E{D^it,T;r''^0))^{T,r'/{-))}. (3.7) 

t<T<T 

Observe that the option pricing problem is meaningful only when the maturity of the option is 
lesser or equal than the maturity of the ZCB. In this work the two maturities are assumed to 
be equal for sake of simplicity and with no loss of generality. 

Notice that both ^ and V map [0, T] x Tiw into M. Moreover \I' is a non-negative, uniformly 
bounded function with 

sup '^{t,h)<K<l. (3.8) 
{t,h)&[0,T]xHn, 

Important regularity properties of ^ are described in the following 
Proposition 3.1. There exist constants Ci,C2 > such that 

\^{t,h)-^{t,g)\<Ci\\h-g\\^, g,he'H^,te[0,T], (3.9) 

|^(s,/i) -^(t,/i)| < C2||/i|U|t-s|, h eHyj, s,t e [0,T], s <t. (3.10) 
Proof. Define the function C : R — t- M by 

Cix) := [K-eT- 
It is not hard to check that the weak derivative of C is given by 

Cix) - 

It follows that ||C'||l°°(r) 1^ K < 1 and hence (cf. for instance [7], Chapter 8, Proposition 8.4) 

\Cix) - C{y)\ < IIC'IIl-(M) \x-y\<\x-y\. (3.11) 

Now define X := — Jq * h{x)dx and Y := — * g{x)dx, then ()3.5p and ()3.1ip give 

|^'(i,/i) - ^'(t,c/)| = \ [K-e^]^ - [K-e^]^\ < |X - y| 

< / \h{x) — g{x)\dx < T sup \h{x) — g{x)\ < C T \\h — g\\u,, 
Jo xeR+ 



x>lnK, 
—e^ X <lnK. 



where the last inequality uses the continuous injection ()2.8p . 
To prove (|3.1Up take s < t and proceed as above to obtain 

\^{t,h)-^{s,h)\< |/i(x)|(i2; < sup |/i(2;)| |i - s| < C||/i||^„ |t- s|. (3.12) 

Jr-t a;GM+ 

□ 

The case of a stochastic discount factor is considered in the following 
Corollary 3.2. Let X and Y be two T-Lyj-valued stochastic processes. Then 

■i'o [^"(°)(^)l^'^"^(t,Xt(w)) - e-/o [>'40)(a;)]+d« m{t,Yt{io)) (3.13) 



sup 

tG[0,T] 



<{Ci + KCT) sup \\Xt{Lj)-Yt{Lj)\\u„ ¥-a.e.u(^n, 
te[o,T] 
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and 



'/o [^n{0)(a;)]+d« ^^^^ X,{uj)) - [^-(0)H]+'^« Xt{uj)) 



(3.14) 



<(i^ + C2) sup \\Xt{uj)\\^\t- s\+Ci\\Xt{u) - Xs{uj)\\^, F-a.e.u£n. 
te[o,T] 

Proof. The same arguments as in the proof of Proposition 13.11 the bound ()3.8p and the Lipschitz 
condition ()3.9p give 



sup 

tG[0,T] 



<K sup r|[X„(0)(a;)]+-[Y,(0)H]+|d^z + Ci sup \\Xt{uj) -Yt{uj)U. 
tefo.Tl Jo tefo.Tl 



< K sup 

te[o,T] 



+ sup \^{t,Xt{L0))-^{t,Yt{u))\ 

tG[0,T] 



;[0,T] . 

In the last expression use the fact that 

|[x„(o)(a;)]+ - [y„(o)M]+| < |x4o)M - y4o)MI 



< sup \X^{z){uj) - y„(^)H| < C\\X^{uj) - yu(a;)|U, 



with C > given by (j2.8p . to obtain 



sup 

tG[0,T] 



<(Ci + KCr) sup ||Xt(a;)-yt(a;) 

te[o,T] 



That conchides the proof of ()3.13p . Similar arguments provide the inequality (j3.14p . 



□ 



We now find some regularity properties of the value function V. An important role is played 
by Corollary [321 



Proposition 3.3. The value function V is non-negative, uniformly bounded with the same upper 
bound K of ^ ; that is, 

sup V{t,h)<K<l. (3.15) 

(t,/i)G[0,T]xH» 



Moreover, there exists Ly > such that 

\V{t,h)-V{t,g)\ <Lv\\h-g\ 



h,geU^,te [o,r]. 



(3.16) 



Proof. The first claim is obvious. To show (j3.16p take h,g £ T-L^ and fix t G [0,7^]. Then (j3.7p 
and p.l3p imply 

V{t, h) - V{t, g) < sup E {D+{t, r; r''^{0))^{T, r'/) - D+{t, r; r*''^(0))*(T, r*'^)) 

t<T<T ^ > 

D+{t, r; r*'^(0))^(T, r*''*) - D+{t, r; r*'^'(0))^(r, r*'^) 



< E<; sup 

t<s<T 



< LiE{ sup \\rl'''-rl^3\ 

t<s<T 
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where Li := Ci+C KT. Now invert the order and repeat the same arguments for V{t,g) 
V{t,h). In conclusion one obtains 

\V{t,h)-V{t,g)\<LiE{ sup ||r*''^-r*'^|| 

L t<s<T 

Denote by the unique solution of (|2.4|) starting from h at time zero and similarly for r^. The 
coefficients in ()2.4p are time-homogeneous, hence (cf. ()2.14p ) 



e| sup ||r*''^-r*''^|u| =e| sup \\r'^ - rl\\A 
L t<s<T J L 0<s<T-t J 



<E<^ sup \K -rlW^} <Ci,T\\h-g\\^. 

I 0<s<T J 

Now (13TB follows with Ly = Li Ci,t- □ 

It is clear that pricing the option amounts to study the value function V of an optimal 
stopping problem (cf. (|3.6p ) for a Hilbert space- valued diffusion. In this paper the function V 
will be characterized through an infinite-dimensional variational problem that will be obtained 
by suitably extending the recent results in [8]. 



4 Preliminary smoothing of the gain function 

The pricing problem ()3.6p is an optimal stopping problem involving gain function ^ (cf. ()3.5p ) 
which is not smooth enough to allow a straightforward application of the results in [8] . In fact in 
[8] the Authors deal with a smooth gain function and no stochastic discount factor. They prove 
that the value function is a solution, in a suitable sense, of an infinite-dimensional variational 
problem obtained by solving a sequence of finite-dimensional ones. In the present case it is 
natural to tackle problem (|3.6p by considering a regularized version of ^. For that we now 
introduce appropriate infinite-dimensional Sobolev spaces. 



4.1 Gaussian measure and Sobolev spaces 

Recall the operator Q of Definition 12.81 Define the centered Gaussian measure /i with covariance 
operator Q (cf. [5], [11], [l3]); that is, the restriction of the infinite product measure 

°° 1 

^{dx) = ll^==e ^^^dxi, (4.1) 
to vectors x S £2- Let 1 < p < 00 and consider / G C^(^.^,;M). Define the LP{'H^,fj.) norm by 

WfWUn^,,) ■■= [ \fi^)\>idx). (4.2) 

If Df : Hw — )• Tiw is the Frechet derivative of / and "H^ is identified with its dual, then the 
L^i'^w, norm of Df is defined as 

\\Df\\h^n^^^.^n.y-= [ \\Df{x)\\lf,{dx). (4.3) 

Let D denote the closure of D in L^('H^,/x) (cf. [11]) and let W^''^{'H.w, fi) be the Sobolev space 
defined by 

w''\n^,fi) ■.= {f:fe L\n^,fi), Df G L\n^,^i■,n^)}. 
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Notice however that in what follows derivatives are mostly generalized derivatives, hence there 
is no ambiguity in using D rather than D. 

Remark 4.1. For n € N the finite dimensional counterpart of fj., L'P(7iw,n) and L'^{7iw, fJ-'jT'iw) 

1 _ -li- 

are fJ,n{dx) := OiLi (^'^^j)"^^ ^^^dxi, LP(M",/i„,) and L^{M."-, fin',^"'), respectively. Therefore 
i/ / : M" ^ M, then 

Un^,,) = [ imi'l^idx) = I |/(x)|Vn(dx) =: 

and 

\\Df\\hi^H^^^,n^)= I \\Df{x)\\l^l{dx)= j \\Df{x)\\l^ ^l^{dx) =-.\\Df\\l,^^^^^^.^^y 

The next proposition provides useful bounds on the gain function ^ and its proof may be 
found in Appendix Rl 

Proposition 4.2. There exist a positive constant Ciji such that the following estimates hold, 

sup < (4-4) 

tG[o,r] 



ana 

rT 



dt<C^. (4.5) 

Proposition 13.31 and arguments similar to those employed in the proof of Proposition 14.21 
provide the following corollary for the value function V of problem (|3.6p . 

Corollary 4.3. There exists a positive constant Cy such that 

sup ||F(t)||iyl,2(«„,^) <Cy. (4.6) 

te[o,T] 

4.2 Smoothing the gain function 

The smoothing procedure we introduce in this section will be obtained as a slight generalization 
of that used in [28], Chapter 4, Lemma 4.1. Define the family i^t)te[o,T] C Tiw by 

<^^(h):=- h{x)dx, hen^, t£[0,T]. (4.7) 

Jo 

By continuous injection ()2.8|) follows 

\Mh)\ <CT\\h\U, h^n^, 

for a positive constant Ct, i.e. i^t)t£[o,T] C is a bounded subset of Tiw with bound Ct- 

Let C^'^([0, r] X Hii;) be the set of bounded continuous functions which are continuously 
differentiable once with respect to time and twice with respect to the space variable (in the 
Prechet sense) with bounded derivatives. 

Proposition 4.4. There exists a sequence {"^k)k€N C C^'^([0, T] x H^) satisfying (|3.9p and 
(|3.10p . such that 

^'fc — )■ ^ as — )■ oo uniformly on [0, T] x (4.8) 

and 

^k-^"^ as k^oo in L'^{0,T; L'^i'Hr,, i^)), (4.9) 
D^k^D'i' as k^oo in L'^{0,T; L^iTiy,, n;nyo)). (4.10) 
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Proof. The gain function ^ in ()3.5p is the composition of / : [0, T] x T-L^ — M, with 

f{t,h) :=i^-e*'W, 

and g : M M+, with := + . 

Define I := Im[f) = {—oo,K) and notice that : {—oo,K) — )• [0, ii'), where g\i is the 
restriction of g to the domain /. Let C^{I) be the set of functions with compact support on / 
and continuously differentiable infinitely many times. Define the standard mollifiers {pk)keN C 
C^{I) and consider the mollified sequence {gk)keN C C^{I), where gk ■= Pk*9 (cf. [Z]) Chapter 
4). Since g € W^'P{I) for all 1 < p < oo, then g^ ^ g in W^'P{I), 1 < p < oo as -> oo. It is 
well known that g'^ = p^-kg', where g' represents the weak derivative of g, moreover gk ^ g and 
g'^ —7- g' pointwise as /c — t- oo. The convergence is also locally uniform on every compact subset 
of M, i.e. Il^fc ~ g\\L°°{i) ~^ 0> ^ ^ ~^ ^ fo'^ compact / C M. It is not hard to prove that 

lbfc||L-'(/) < \\9\\l'^(i) = K and |bfcllL«=(/) < lb'llL-'(/) = 1, (4.11) 
since g and its weak derivative g' are both uniformly bounded on I. 



Qly 

K 



Notice that / G Cl,'\[0,T] x Hy,) and therefoD 

^^^^{t,h)=g',{f{t,h))^{t,h), (4.12) 

D{gk o f){t, h) = g',{f{t, h)) Df{t, h). (4.13) 
Using ()4.1ip . the dominated convergence theorem and pointwise convergence of g^ and g'^, give 

Qkof^gof inL\0,T-L\n^,p)), 

D{gk o f) ^ g'if) Df in L\0, T; L^n^, ^; H^)). 

Recall that D = D is closed in L'^{'Hw, I-l) and hence D{g o f) = g'{f) Df. 

If we set ^-fc := gkof, then fulfils ([SJ]), (|XTO]) and (jM]) and (|O0]l hold. Now the Lipschitz 
continuity (j3.9p . the mollifiers' properties and the obvious fact that \ {x — y)~^ — {x)~^\ < \y\, imply 

\9k{f{t,h))-g{f{t,h))\< [ Pk{y)\g{f{t,h)-y)-g{f{t,h))\dy< [ Pkiy)\y\dy 



Pk{y)\y\dy <j. (4.14) 

i il K 

fc ' fcJ 

The uniform convergence of ^'^ to ^ as /c — )■ oo follows from (|4.14p since 

sup \^k{t,h)-^{t,h)\<j. (4.15) 

{t,h)e[0,T]xHyj 

□ 

We now associate an optimal stopping problem to each smooth function and we denote 
by Vk its value function. That is, we set 

Vk{t,x):= sup E|e-/*^[^'"(°)]-'^^*fc(T,r*0| (4-16) 

t<T<T ^ J 



■^Differentiability with respect to time is obvious. Since Hw is identified to its dual then $t £ with coor- 
dinates ($,\-f?,...) and \ml = E^^i Hence \\Df{t,h)\\l = EZi {D.f{t,h)f = e^**^'^^ mf = 



e^**('')||$t|U. Similarly {D^ /{t, h) u,v) < e*'"')||$t||^||w| 
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with r*'^ given by (|2.4p . It is not hard to verify that has the same regularity properties as V 
(cf. Proposition 13. 3p . We prove that Vk is in fact an approximation of the value function V of 
the original problem (j3.6p . 



Proposition 4.5. Vk ^ V uniformly on [0,T] x 71^,; that is, 



lim sup \Vk{t,h) -V{t,h)\ =0. (4.17) 

(t,h)g[0,T]x'H» 



Proof. Fix (t,/i) G [0,r] x U^, then 

Vfc(t,/i) - V{t,h) < sup E|e-/^^[^^^''(0)1^'^^ (*fc(T,r*''^) - ^'(t, r*''^)) | 



t<r<T 

<eJ sup 

t<M<T 



^k{u,r'/)-^iuy/) 



1 

< - 
- k 



by (HT^ . The same holds for V{t, h) - Vk{t, h) and hence ()il7D follows. □ 

Notice that the approximating optimal stopping problem ()4.16p may be characterized through 
variational methods as in [8], apart for minimal adjustments. Once is found to be a solution 
of a suitable infinite-dimensional variational problem and the corresponding optimal stopping 
time is obtained, taking the limit as A; — t- oo will lead to the variational formulation for the 
price function V . Then the optimal stopping time will be obtained by probabilistic arguments. 
Nevertheless, given the regularity of ^, we prefer to take limits of variational problems slightly 
weaker than those in [S]. 



5 An approximating variational inequality 

A variational formulation of problem (|4.16p is obtained by reducing the optimal stopping problem 
to a finite-dimensional setting. This is accomplished in two steps: first we make a Yosida 
approximation of the unbounded operator A in ()2.4p by bounded operators A^, then we reduce 
the the SDE itself to a finite dimensional one. At each step a corresponding optimal stopping 
problem is studied. In order to proceed with this algorithm the SDE ()2.4p must live in a 
larger probability space. In particular, there is no loss of generality by assuming that W := 
{W^ ,W'^ , . . .) is an infinite dimensional standard Brownian motion on and that 

the Brownian motion B of (j2.4p coincides with its first component, i.e. we set = B. The 
original filtration can be replaced by the filtration generated by 14^, again denoted by {J-^, t > 0} 
and completed by the null sets. 

In this new setting all the arguments of the previous sections still hold and the pricing 
problem keeps the same form. In the next two sections we outline both the Yosida approximation 
and the finite-dimensional one. Full details may be found in [8]. 

5.1 Yosida approximation 

The Yosida approximation of the unbounded linear operator A may be introduced without any 
further assumption and it is defined by A^ '■= aA{aI — A)~^, for a > (cf. [33]). S ince A.Q, is 8- 
bounded linear operator, the corresponding SDE 

' dr(°)^' = [A^rl''^' + F.(rJ")')]dt + airi''^')dW^ , t G [0, T], 

(5.1) 

r^")^ - h 
^ rg — n, 
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admits a unique strong solution r^'^)^. That is, 

i-t ft 
r^")'^ = h+ [A^ri''^^ + F,(r(")'^)]ds + / a(r(°)'^)dW°, t G [0, T], P-a.s. 
Jo Jo 

For each a > 0, the notations A"'^^ and r^"'^^'^ are analogous to those used in Section [31 The 
following important convergence result is proven in [12], Proposition 7.5 and it is here recalled 
for completeness. 

Proposition 5.1. Let he the unique mild solution of equation ^2.4^ with = h and let r^")'* 
be the unique strong solution of equation i5. For p > 1, the following convergence holds 



lim E { sup llrj"^'' - ||P } = 0, h € 
0<t<T 



I C 



For A; G N arbitrary but fixed, define Vk^a as the value function of the optimal stopping problem 
corresponding to r^")'^, with regularized gain (cf. (I4.16P ). 

Vka{t,h):= sup E|e--''t^['^^"^''''(°)]'"'^'^*fc(r,r(.")*''^)|. (5.2) 

t<T<T ^ J 

Notice that V^^a satisfies (|3.15p and (|3.16p with the same constants. The convergence of V^^a to 
Vk (cf. ()4.16p l as a — 7- oo holds both uniformly with respect to t and in a suitable L^-norm. 

Theorem 5.2. The following convergence results hold, 

lim sup \Vk,a{t, h) - Vk{t, h)\=0, h£ n^, (5.3) 

"^°O0<t<T 

lim / [ \Vka{t,h)-Vk{t,h)\Pfi{dh)dt = 0, 1 < p < oo, (5.4) 



10 J-Hu 

where p is the Gaussian measure on the Hilbert space Tiw 

Proof. The arguments are similar to those used in the proof of Proposition 13.31 In fact the 
Lipschitz property of the gain function ^k and the time-homogeneous character of the processes 
give 





' s ' s 




< sup 


w } 


I 0<s<T 







Since Ly is independent of t, the uniform convergence ()5.3p follows from Proposition 15.11 To 
prove (|5.4p it suffices to apply the dominated convergence theorem, since Vk^a is uniformly 
bounded by i^. □ 



Remark 5.3. Notice that the convergence in (|5.4p above holds for any finite measure on the 
Hilbert space Hw 

Standard results in Analysis provide the properties below. 

Theorem 5.4. IfVk,a G Cb{[0,T] x 'H^,) for all a > 0, then 

Vk,a Vk as a ^ oo, uniformly on compact subsets [0,T] x /C C [0, T] x Ti^. (5.5) 

Moreover Vk G Cb{[0,T] x 'H^,). 
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Proof. We only outline the proof cis 3, similar result is proved in [8], Theorem 3.3. Fix h G l~Lwi 
then ([531) implies Vk{- ,h) G Cb([0,r];M). For each a > define 

F^{h):= sup - Vfc(t,/i)|, 

te[o,T] 

then — )• as a — )■ oo by ()5.3p . One may verify that the family (-Fo)o>o is equi-bounded and 
equi-Lipschitz continuous, as (j3.15p and (|3.16p hold for both V^^a and V^, hence V^^a converges 
uniformly to V^, as a — t- oo, on compact subsets [0, T] x fC (|15j. Theorem 7.5.6). It follows 
that Vfc is continuous on any compact subset [0, T] x fC (cf. [15], Theorem 7.2.1), being the 
uniform limit of bounded continuous functions. Finally Vk is continuous on [0, T] x due to 
the Lipschitz property of /i i— )■ 14 (t, h) uniformly with respect to t G [0, T]. □ 

5.2 Finite dimensional reduction 

For each n G N consider the finite dimensional subset l-^w'' ■= span{ipi,(p2, ■ ■ ■ ,fn} and the 
orthogonal projection operator P„ : 71^ — )• Hw^. Approximate the diffusion coefficients of ()5.ip 



by cj(") := {Pn(7) oPn, F^"^ := {PnFa-) oPn and Aa^n ■= PnAaPn, respectively. Notice that Aa,n 
is a bounded linear operator on Ti^w^. Define the process r^")'^'" as the unique strong solution 
of the SDK on T-L^^ given by 



(5.6) 



where (en)neN is a sequence of positive numbers such that 

/ncn — )■ as n — )■ oo. (5-7) 



Obviously r^")'''" lives in the finite dimensional subspace T-L^^ but it may still be seen as a 
solution in T-lw 

Remark 5.5. Notice that at each time t G [0, S], r^"^ is not the projection of the process r^^^ 
on the finite dimensional subspace; in fact, a process with that property would not be Markovian. 
Hence has to be considered as an auxiliary diffusion process which is used to approximate 

the original one. 

Proposition 5.6. The following convergence 



lim E \ sup 

te[o,s] 



n— >oo 



't 



(5.8) 



holds uniformly with respect to h on compact subsets ofHw 



Proof. The proof is based on standard arguments for L^-estimates of SDE's strong solutions. It 
follows along the same lines as the proof of [5], Proposition 3.5. In fact, the only difference here 
is the presence of a non-linear drift term in ()5.ip and ()5.6p which, however, may be estimated 
by using STTHf and 

□ 

Remark 5.7. Notice that, for any starting time t G [0,T], the previous proposition and the 
arguments of its proof hold for and r^"-**''* as well, thanks to the time-homogeneity of 

equations (j5.ip and (j5.6p . 
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For n > 1 define : [0, S*] x ^ R by 

f h) := ^k{t, Pnh) = ^k{t, h(^^) (5.9) 
(cf. dSSD). Of course, = hence ^'[!'^(t, •) = ^'fe(t, •) on Ti^^K However, in what 

(n) 

follows it is convenient to use the notation ^'^ since this is interpreted as a gain function on 
n^^\ The same arguments as in Appendix [Al ()A-3P show that ^'[."^ — )• ^'j^ as n — )• oo uniformly 

k.c 



on every compact subset of [0, T] x Ti^. Let V^^*^^ be the value function of the optimal stopping 
problem 

Vl^^(t,h(-^^) := sup E|e-/^^[^^"'''''"(orrfs^W(^^^W*,M)\ (5.10) 

t<T<T J 

of course, V^^^ may also be seen as a function on [0, T] x M". Notice that, as for Vk^a, again 

Vl""^ satisfies (l3J5]) and (IXTHjl with the same constants. The value function V^"^^ converges to 
Vfc a of (|5.2p as n —7- 00. In fact results similar to Theorem 15.21 and Theorem 15.41 hold. 



Theorem 5.8. The following convergence results hold, 

lim sup I Vfc^^ (t, /i^"^) - Vfc a{t, h)\=0, ICcHy,, K, compact, (5.11) 

(t,/i)G[0,T]x/C 

i.e. the convergence is uniform on any compact subset [0, T] x /C; 

lim r [ |yj"j(t,/i("))-T4,,(t,/i)|V((i/i)(ii = 0, l<p<oo, (5.12) 



/o JW„ 

where fi is the Gaussian measure on the Hilbert space T-Lw 

Proof. The proof follows along the same lines as the proof of Theorem l5.2l since 'f^"'' (t, 7-^"^*''*'") = 
\I'fc(t, Ts'^^*''*'"') for s > t. Then the uniform convergence in Proposition 15.61 implies (|5.1ip . and 
by dominated convergence we obtain (j5.12p . □ 

As a consequence 

Theorem 5.9. Ifvl"^^ G Cb([0,T] x hL"^) for all n>l, then Vk,a G Cb([0,r] x U^). 

Proof. Recall that {V^'']^{t, /i(")))neN is uniformly bounded (cf. Proposition [33]) and ()5.1ip holds. 
Hence |15j . Theorem 7.2.1 guarantees the continuity of V^^a on [0,T] x /C. Arguments as in 
Theorem 15.41 provide the continuity on [0,T] x Tiyj. □ 

Notice that in the Authors proved that vj:"'^ is indeed continuous. 
5.3 A variational inequality for 

As in [8] we aim to characterize vjf^^ as a solution of a suitable variational problem on [0, T] x 
by means of a slight modification of standard results (cf. [3] for instance) . An optimal stopping 

In) (n) 

time is found to be the first time when ^ = ^'^ and the continuity of the value function 
is obtained by the Sobolev embedding theorem. Taking limits as n — t- 00 and a —t- 00 in the 
finite-dimensional variational inequality and using Theorems 15.21 and 15.81 enable us to identify 
Vfe as a solution of an infinite-dimensional variational inequality. Then Theorems 15.41 and 15.91 
allow us to find an optimal stopping time in (|4.16p . We omit the details of these proofs and the 
reader may refer to [H] for further insights. 
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The infinitesimal generator C of the diffusion r is defined for every g £ {T~Lw ; ^) with Dg 
taking values in D{A*) by 

Cg{h) = ^Tr [aa*{x)D^g{h)] + {h, A* Dg{h)).^ + {F^{h), Dg{h))^, for h e U^. (5.13) 
We need to give a meaning to the infinite dimensional obstacle problem 



max 



dv 
dt 



+ Cv- [h{0)]+v ,'i'k-v 



{t,h)=0, {t,h) G (0,T) X -Hy,, 



(5.14) 



^ v>^k on [0,T] xU, 



viT,h) = ^kiT,h), hen^, 



and to prove that is a suitable solution of it. In order to do so, for the time being, we start by 
arguing heuristically. At the finite dimensional level one finds that ^ ^^(0' W^'PiW, /i„)), 
2 < p < +00, and solves a weak version of the obstacle problem 



max 



(t,/i(")) = 0, (t,/i(")) G (o,r) X M", 



(5.15) 



^ V > on (0,r) X M"; v{T,h^'^^) = ^^"^(T, /i^")), M") G 



where Ca^n is the infinitesimal generator of diffusion ()5.6p . In principle we could take the limits 
as n — 7- oo and a — )■ oo, and eventually obtain an infinite dimensional variational inequality for 

in) 

Vk , provided we find some specific estimates for ^ and for the coefficients of its variational 
inequality. 

We start by finding a weaker formulation of (j5.14p . Take 2 < p < oo and define the space 



VP ■={v\ve LP{n^,p) and Dv G L^{n^,p)}, 



endowed with the norm 



(5.16) 



(5.17) 



It is not hard to see that V is a separable Banach space. In the spirit of [3] we will associate 
the second order differential operator in (|5.14p to a bilinear form on VP. Let us first analyze the 
second term on the right-hand side of (jS.lSp . Let A be the Lebesgue measure on [0,r]. Denote 
by M/^'2([0,T] xHy^Xx p) the subset of functions u G ^^(o, T; H^^'2(-H^, //)) with 



du 
'di 



GL\0,T;L\n^,p)). 



(5.18) 



The set 



£a{[0,T] X n^) := span{^e(</.^,g), ^m{cj),,g), cj)r,,g{t,h) = e'¥^'+'^9,hU , {i^,g) G N x D{A*)} 

(5.19) 

is dense in both W^^'^{[^,T] x A x p) and L'^{>d,T;LP{nyj, p)) (cf. [II], Chapter 10 and [l3], 
Chapter 9). For every u G £^a([0,T] x Uyj) it is easy to check that A*Du G L'^{0,T; L^in^o, fJ.))- 
Hence, for v G L^(0,T;V^), we define 



Ta{v,u) :-- 



[ [ {h,A*Du)^,vpidh)dt, ior u e £a{[0,T] x n^). (5.20) 
Jo JH^ 

By Assumption 12.91 it was shown in [8], Section 5.3 that 

\Ta{v,u)\ < C/,,p||7;||i2(o,T;Vp) II«IIl2(o,T;Vp)> u e £a{[0,T] X Tiyj) (5.21) 
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for all 2 < p < oo and a suitable constant C^^p > depending only on p and fi. As Sa{[0,T]x Hw) 
is dense in L^(0,T;V^), Ta{v,-) is extended to the whole space L^(0,T;V) by Hahn-Banach 
theorem and the extended functional is denoted by Ta{v,-). 
For u,v ^ L^{0,T;V^) define the bilinear form 

/ a^{u,v)dt :=]- I I {aa* Du,Dv)u,p{dh)dt + ]- I [ Tr[Da]n^{a, Du)wV n{dh)dt 

Jo ^ Jo JUn, ^ Jo JHw 

+ \ I I {Da-a-aa*Q^^h,Du)y,vp{dh)dt-TA{v,u) (5.22) 

2 Jo Jhu, 

-\ / {Fa{h),Du)y,vp{dh)dt + l- I [ [h{0)]-^uvfi{dh)dt, 

^ Jo Jhu, ^ Jo Jn^u 

where Da • a denotes the action of Da G C{'Hw) on the vector a G Tiw 
The following estimate holds. 

Theorem 5.10. For every 4 < p < oo there exists a constant C^^^^p > 0, depending on p, p 
and the hounds of j in Assumption \2. 1(K such that 

\,{u{t),v{t))\dt < C,,,,p \Mt)\\\ldt^ ' WHtmldt^ ' (5.23) 

for all u,ve L2(0,r;VP). 

Proof. The proof easily follows from Assumption 12.101 bound (j5.2ip and the estimate 



T 



JH 



1 

2 

<^ 
- 2 



[h{0)]^uvp{dh)dt < - / sup \h{x)\\u{t,h)\\v{t,h)\^i{dh)dt 

10 Jhu, x<m.+ 

\l \\h\\lp{dh)fn \u{tM''\v{tM''^^{dh)''" 



dt 



<^[TtQ)-2 j\\u{t)\\\, \\\v{t)\\\,dt, 



where C > is as in (|2.8|) . Notice however that the term in (|5.22p involving F(j{h) is estimated 
by using bound ()2.12p . □ 

Remark 5.11. For functions u,v in Cb i[0,T] X n^j) with Du taking values in D{A*), ([02]) 
is simply obtained by 

a^{u,v)dt ■■=- [ f {Cu- [h{0)]+ujvp{dh)dt. (5.24) 

In fact, for n„ := no P„, Vn := v o P„ defined on n- dimensional subspaces ofHw o,nd a^"'\ F^"^ 
as in (|5.6p . (|5.24p follows by Green's formula and (|5.13p . Then, by taking the limit as n ^ oo 
and using dominated convergence one finds that (|5.24p holds in general. 

Denote by {■,-)fj, the scalar product in L^(H^,/i) and define F^ G L^(0, T; V^)* by 

Fk{v) ■.=j\^{t) + ^Tr[aa*D''^k] + {F^,D^k)v.,v) ^dt + TA{v,^k), L\Q,T-V^). 

(5.25) 

Take 4 < p < oo and introduce the closed, convex set 
lCl:={w: we L'^{0,T;VP), ^ G L^{{),T-L^{n,p)), u; > A x /i-a.e. in(0,r) xU}, (5.26) 
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then/CjJ C C{[0,T];L'^{n,n)) (cf. [I6], Section 5.9.2). 

The next theorem was proved in [8] (cf. Theorem 6.11 and Theorem 6.13) and it is the 
main result of that paper. The extension to the present setting is straightforward given the 
convergence results in Propositions 15.11 and 15.61 for the approximating diffusions A"'^^'^ and 
j.{a)t,h;n^ the convergence results in Theorems 15.21 15.81 and 15.91 for the value functions 
and Vfc^Q,, and given Theorem 15.101 The proof is omitted as it may be found in [8]. 

Theorem 5.12. For every 4 < p < oo the function Uk '■= Vk — is a solution of the weak 
variational problem 

' n G L2(0,r;VP); u{T,h) = 0, h £ Ti^; u{t, h) > 0, {t, h) £ [0,T] x n^; 
< J^[-{g^,v-u)^ + a^{u,v-u)]dt-Fk{v-u) + -\\v{T)\\l,^^^^^^>0 (5.27) 

for allv G /Cj^. 

Moreover, Uk G Ci,{[0,T] x Hw) CLnd an optimal stopping time for Vk in ()4.16p is 

T*^{t,h) := inf{s > t : Vkis^^^) = ^^(s, r*''^)} A T. (5.28) 
Also, the for any stopping time t < T^{t, h), 

Vk{t, h)=K i^e~^i ['■"''(0)]"''^"T4(T,r*''^)} . (5.29) 



6 A variational formulation for V 



Since Vk converges to V as k ^ oo (cf. Proposition 14. 5p . it is natural to expect that V might 
be a solution of a variational problem similar to ()5.27p . However, that will be more likely to 
happen when taking limits of weaker variational problems, due to the lack of higher regularity 
of ^. In particular, notice that for all v G <?yi([0,T] x Tiw), we may write -Ffc('y) (cf- (|6.ip ) as 



Fk{v) 



{^{t),v),dt- 



a^{'$k{t),v)dt 



T 



Ak,^,{t;v)dt, 



■1) 



by using arguments as in Remark 15.111 For v G L^(0,T;V^) one may approximate u by a 
sequence {vj)j^fi C £'a([0,T] x Hw)- Then, by taking the limit as j — )• oo and using estimates 
as in ([5:23]) one finds that jSj]) also holds for all v G L2(0, T-V^). 

Similarly, a continuous linear functional associated to ^ may be defined by 



T 



A^{t-v)dt:= I { — {t),v)^dt 



T 



a^{^{t),v)dt, yv € L^{0,T;VP). 
Then a simple application of Proposition 14.41 and Theorem 15.101 imply 



lim 

fc— >oo 



/ [Ak,f,it; ■ ) - A^,it; 
Jo 



\dt 



L2(o,r;VP)* 



0. 



.2) 



(6.3) 



We now obtain the main result of the paper. 
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Theorem 6.1. For every 4 < p < oo the function u := V — ^ is a solution of the weak 
variational problem 

' u£ L^{0,T;VP); u{T, h) = 0, h £ Ti^; u{t, h) > 0, {t, h) £ [0,T] x n^j] 

dv 1 
[- - + v - u) - A^{t; v - u)\dt + -||^(T)||i2(^„,^) > (6.4) 

for allv G /Cj^. 
Moreover u £ Cb{[0,T] x n^j)- 

Proof. The boundary conditions are clearly satisfied by u, moreover the continuity of u is a 
consequence of Proposition 13.11 and Proposition 14.51 It remains to prove that u solves the 
inequality in ()6.4p . From Propositions 13.31 14. 2| 14.41 and Corollary 14.31 easily follows that Uk 
of Theorem 15.121 is bounded in L^(0,T;V^) by a constant M^^p^T > 0, uniformly with respect 
to A: S N, for all 4 < p < oo. This implies that Uk converges to some u as A; — )• oo weakly 
in L2(0,r;VP). However ^ n as /c ^ oo in L'^{0,T; LP{U^, n)) for ah 4 < p < oo, by 
Propositions 14.41 and 14.51 Therefore u = u. 

Notice that, for all v G /Cj^, the function u^ of Theorem 15.121 satisfies 

1 

[ - - Uk)^, + a^{uk,v - Uk) - Ak,f,{t; v - Uk)] dt + - Ib(r)||i2(^^_^) > (6.5) 

by (|5.27|) and (|6.1|) . In order to take limits as /c — t- cxo in (|6.5p we use 

T rT f-T r-T 

afj,{uk,Uk)dt = / afj,{uk - u,Uk - u)dt + / a^{u,Uk)dt+ / afj,{uk - u,u)dt. (6.6) 







Also, by using the bound M^^p^x, (!5.2ip . ()5.22p and estimates as in the proof of Theorem 15.101 
we obtain 



T 



0.i_t{uk U,Uk u)dt> Cfj,^p\\uk '"||l2(o,T;Vp) ll^'^ '^W L2{0,T;LP{nw,tJ.)) 



where C'^^j, = 2C^^p M^^^p^x- Now we use (|6.3p . (j6.7p . (j6.6p together with the convergence 
properties of Uk to obtain, in the limit. 



Jo 



dv 1 

v-u)^, + a^{u, v-u)- A^,{t; v - u)] dt + ^lb(r)|||2(^^^^) > 0. (6.J 



dt' 

□ 

We now show that the stopping time 

T*{t, h) := inf{s > t : V{s, r*^^) = -^{s, r*'^)} A T (6.9) 

is optimal for V in ()3.6p . For that we need the next Lemma, whose proof follows along the lines 
of arguments adopted in [3], Chapter 3, Section 3, Theorem 3.7 (cf. in particular p. 322). 

Lemma 6.2. Let T^{t,h) he as in ()5.28p and let T*{t,h) be as in ()6.9p . Then 

lim T^{t, h) A T*(t, h) = T*{t, h), F-a.e. (6.10) 

fe— ^oo 
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Proof. For simplicity we consider the diffusion r^ that starts at time zero from h. There is no 
loss of generality as all results below hold for arbitrary initial time t. We set := t^{0, h) and 
T* := T*(0,/i). By Theorem I5.12| is optimal for the fe-th regularized problem. The limit 
()6.10p is trivial for those a; G 17 such that T*(ijj) = 0. Set r^o := {w S : t*{(jj) > O}. Fix 
w G ilo and take 5 < t*{uj). Then, for t G [0,r*(w) - 6], 

V{t,r^{u;))>^{t,r^{u)). 

Since t i— t- r^^uj) is continuous, the continuous map t i— t- V(t,r^{uj)) — 'i/{t,r^{uj)) attains its 
minimum on [0,r*(aj) — 6]; that is, there exists r]{6,uj) > such that 

r]{6,u) := min{V{t,ri\uj)) - ^{t,r'^{u)), t G [0,t*{u) - 6]} 



and 



y(t,rf(w)) >^{t,r^{u}))+r]{6,uj), for alH G [0,t*{uj) - 6]. 



Recall that ~^ ^ and Vk ^ V uniformly on [0, T] x Tiw (cf. Propositions 
therefore there exists A'^^ = N{i]{6,lj)) G N large enough and such that 

Vk{t,r^{uj)) > ^fc(t,rf(w)), for ah t G [0,t*{uj) - 6] and k > iV^. 



and liTS]) . 



It follows that T*{uj) — 5 < t^{uj) for all k > Nrj. Notice that r]{6,uj) — )■ as 5 — )■ and hence 



—7- oo. Therefore 



hm KAr*)H=T*H. 

k > 7V„ 

Since G ilo is arbitrary, ()6.10p follows. 

Theorem 6.3. An optimal stopping time for V in (j3.6|) is given by T*{t, h) of (|6.9p . 
Proof. Set T* = T*(t, h) and = T^(t, /i) and take r = A r* in (|5.29p to obtain 



□ 



Vk{t,x) 



E <! e" -^t 



[ri"(0)] + d« 



(6.11) 



By Proposition 14.51 the left hand side of (jG.lip converges to V{t,x) in the limit as A: — t- oo. In 
order to show the convergence of the right hand side, notice that the following estimate holds. 



Vu{Tt^r\r'^^^,)-V{T\r'^) 



+ 



V{T\r'^) 



(6.12) 



E 

< E 
+ KE 



When A; — 7- oo, the first term on the right-hand side of ()6.12p converges to zero by Proposition 
4.51 whereas the second and third ones converge to zero by the continuity of V and Lemma 16.21 
Hence by taking limits in (|6.1ip we may conclude that 



{ I Vk {rt A T* , r^^^, ) - V{Tt A r* , / J^,. ) | } + E { | F (r,* A r* , r*;^^,, )-V{t\ r^'i^ ) | } 
[r*'^0)] + dn}. 



and the optimality of r* follows. 



□ 
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A Properties of the gain function 

In order to prove Proposition 14.21 we need some auxiliary results about the regularity of ^. Let 
{if I, If 2, . . .} be a set of orthonormal basis functions of Hw and for n > 1 let Pn ■ T-iw — ^ T~iw be 
the projection map defined by 

n 

Pnh :='^{h,ipi)u,ipi, (A-1) 

i=l 

where (•, •)^„ is the scalar product in n^- Set := and define : [0,r] xTiw^Rhy 

h) := ^{t, Pnh) = ^(t, (A-2) 
Dini's Theorem (cf. |15j . Theorem 7.2.2) and (|3.9p give 

lim sup h) - ^'(t, /i)| = 0, for every compact K. C U^. (A-3) 

""^°°(i,h)G[0,T]x/C 

We will show now that ^^"^ belongs to a suitable Sobolev space. The arguments of the proof 
are similar to those employed in the infinite dimensional case (cf. jllj . Chapter 10). 

Lemma A.l. Let jj, be a centered Gaussian measure on Hw The sequence (^'^"^)„gN is uni- 
formly bounded in L°°{0,T;W^''^{T-lw, fJ-)); that is there exists > such that 

sup ||^'(")(t)||iyi,2CH„,^.) < forallneN. (A-4) 

te[o,T] 

Moreover there exists C'^ > such that 



it) 



dt 

Proof. The uniform bound K of ()3.8p gives 



dt < C'^ for all n G N. (A-5) 

i2 



sup ||*(")(t)||L2(«„,^) < Kf^in^) = K, for n G N. 

tG[0,T] 

Notice that ^'^''^ is a function defined on [0,r] x ; that is ^'(")(t,/i) = /ii, . . . hn) for 

hi := {h,(pi)uj, i = l,...n. Hence we may mollify by the standard mollifiers {pk)k£N- In 
fact, fix t G [0,r] and define "if^^^t, •) := R-^^^^n^r)- Clearly the pointwise convergence holds, 
^^,^\t,h) ^(")(i,/i) as A; ^ oo, for h £ Tiyo (cf. [7], Proposition 4.21) and 



|$l")(t,2)| = I / pk{y)^^''Ht,z-y)dy\<K for 2 := (/ii, . . . , M 



G 



by dSS]). Hence sup(t^;,)g[o,T]xW„ < ^ for all n G N. It now follows that ^i"''(t,-) 

^'(")(t,-) as /c —7- 00 in L^{T-Lw,p), 1 < q < 00, by dominated convergence. Since the bound K 
is uniform in t, dominated convergence and pointwise convergence also imply ^^"^ — ?• as 
k^oom L'^{0,T;Li{'Hr„i2)). 

(n) 

It is easy to see that the mollified functions are equi-Lipschitz in the space variable, uni- 
formly with respect to with the same constant Ci (cf. (|3.9p ). Therefore II D^'[,"^(t) 11^2 (•-^^^^.-^^■) = 

\\D'^^^\t)\\x^2(^n^^^.^n-^ < CifiniM^) = Ci, for all n, k and t, by Remark l4.ll We may conclude 
that 

II*1"^WIIl2(w„,^) + \m^^\t)\\L2^n,^^^.^n^^ < {K + Ci) for n,fc G N, and t G [0,r]. (A-6) 
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Now ()A-6p guarantees that for each n G N and t G [0,T] there exists a function (p^^\t) G 
W'^'^CH^;,/") and a subsequence (^'i."^(t))j6N such that ^ in W^^'^CH^, /i) as 

j — )■ oo (cf. jYj, Theorem 3.18). It must be ^'("^(t) = (j)^^''\t) by uniqueness of the hmit, since 
^'^."^(t) ^ ^'(")(t) as A; ^ oo in Li{'Hu„n) and hence ^'(")(t) G ^^^'^(T^^, //) for t G [0,r]. The 
lower semi-continuity of the weak hmit and (|A-6|) imply the estimate ()A-4p with Cijf = + Ci . 

Similarly, to show ()A-5P we may apply the same arguments as before and use the Lipschitz 
property of ^'(")( ■ ,h), for h G Hw fixed. This gives 

\\-Q^mhao,T])<'^Ciil + \\h\\lj. (A-7) 

Taking the integral in ()A-7|) with respect to /u and applying Fubini's theorem gives (|A-5p . □ 

We are now ready to provide the main result of this Appendix. 

Proof of Proposition \4.2\ Take the projection vl'(") of ^ as in ()A-2p . The sequence (^'("^(t, •))„6n 
is bounded in Ty^'^(?^^, /_i) by Lemma lA. II uniformlv in t G [0,T]. Therefore for every t G [0, T] 
there exists $(t) G W^^^{nw,fJ-) such that ^'(")(t) ^ $(t) in W'^'^iTiw, tJ^) as n oo. By (IX^ 
and dominated convergence 

^W(t) ^ in LP{nnj,fi), 1 < p < oo as n ^ oo for aU t G [0,T]; 
hence $(t) = ^(t) for all t G [0,T]. Moreover, since the bound in (|A-4p is uniform with respect 
to n G N and t G [0,T], the lower semi-continuity of the weak convergence gives ()4.4p . 

To prove (|4.5p it suffices to adopt arguments as above and use bound (|A-5p . □ 
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